Cars arrive at an intersection with a stoplight, which is either red or green. The cars all travel in the same direction, that is, we ignore cross-traffic & oncoming traffic. Assume that the intersection is initially empty. Assume that, at every second, there is a probability p that one new car will arrive at the light, and the outcome is independent of past & future. Let ℓ ≥ 1 be an integer. A red light lasts ℓ seconds; likewise for green. If the light is red, no cars can leave the intersection. If the light is green, cars will leave the intersection at a rate of one per second. Over a time period of n seconds, determine the (random) maximum queue length M of cars at the intersection. What is the distribution of M , as a function of (p, ℓ, n)? We answer this question for the special case ℓ = 1 and introduce a conjecture for ℓ > 1.
For the special case ℓ = 1, we have a recurrence for P {S n = x and M n = a}: F 1 (x, a) = p δ x,1 δ a,1 + q δ x,0 δ a,0 , F n (x, a) = p δ x,a F n−1 (x − 1, a − 1) + p F n−1 (x − 1, a) + q F n−1 (x, a) if n is odd, (p + q δ x,0 ) F n−1 (x, a) + q(1 − δ x,a )F n−1 (x + 1, a)
if n is even where x = 0, 1, . . . , a. Summing over all x gives P {M n = a}. It is natural to parse the sequence {S j } into blocks of length two, corresponding to an RG light cycle. Another way of generating exact M 2n probabilities is to determine the coefficient of λ n in the series expansion of
where θ(λ) = 1 − 2 p q λ − √ 1 − 4 p q λ λ .
For ℓ = 2, we have an identical recurrence except the two conditions "n is odd" versus "n is even" are replaced by "n ≡ 1, 2 mod 4" versus "n ≡ 3, 4 mod 4" respectively. It is natural here to parse the sequence {S j } into blocks of length four, corresponding to an RRGG light cycle. An expression for M 4n analogous to before, however, seems not to be possible.
1. Algebra for ℓ = 1 Combining elements of the recurrence for ℓ = 1 when n is even, we have
for all n ≥ 1, 0 ≤ x ≤ a and a ≥ 1. Our goal is to solve for G n (x, a) = F 2n (x, a). Introduce the generating function
follows. Introduce the double generating functioñ
and note that because
we have
We obtaiñ
that is,
after multiplying both sides by −µ/λ. Examine the special case a = 1:
where
For future reference, the sum of the two zeroes is 1/(p 2 λ) − 2q/p, which implies that
Taking µ = θ/(2p 2 ) and then µ = 2q 2 /θ, we have
and
thus, on eliminating G(λ, 0, 1),
.
Now examine the general case a > 1:
and, on eliminating G(λ, 0, a),
after iteration. Finally, given a > 1 and taking the limit in formula (1) as µ → 1, we have
as was to be shown. The case a = 1 must be treated separately:
consistent with the series expansion in the introduction.
Calculus for ℓ = 1
Setting p = q = 1/2, we obtaiñ
and thus have the double generating function
Let us focus on E (M 2n ):
which provides that (in an extended sense) the following sequence is Abel convergent [1, 12] 
Let 2θ = exp(−t), then 2 (2θ) a + (2θ) −a = 2 e at + e −at = sech(at) and, because λ = 2θ/ θ +
since (cosh(t)−1)/2 ∼ t 2 /4 and (1/2)! = √ π/2. By a Riemann sum-based argument,
where G is Catalan's constant [13] .
3. Algebra for ℓ = 2 Combining elements of the recurrence for ℓ = 2 when n ≡ 4 mod 4, we have
owing to δ x+1,0 = 0 for all x ≥ 0, and
arises (too complicated to reproduce here). Note, for example,
and hence
Recall the quadratic coefficient forG we found in formula (1); here, this becomes a quartic:
which factors as 
